3.5 CLAIRAUT’'S EQUATION

Anequation of the form  y=px+ f(p) . ..(1)
1s known as Clairaut’s equation. |

Differentiating (1) w.r.t. x, we get

d
D= p+x +f(p) or [x+f’(p)]d—§:

Discarding the factor [x + f ‘(0)], we have d—i =0
Integrating, D=c

Putting p=cin (1), the requifed solution is p = cx + f(c)
Thus, the solution of Clairaut’s equation is obtained by writing c for p.

ILLUSTRATIVE EXAMPLES

Example 1. Solve (y px)(p-1) =p.
Sol. The given equation can be written as

P p
J—px p-1 e p-1

c
c-1

Note. Many differential equations can be reduced to Clairaut’s form by suitably changing
the variables.

This is of Clairaut’s form. Hence putting ¢ for p, the solution is y = cx +



e

B
Example 2. Solve e~ (b~1)+e?p? =y,

Sol. [In problems involving ¢/ nnd eny,

put X =e anqy
of I and m].

= el where k is the H.C. F.

Put X=e2 and Y =,
so that dX =2e*" dx and dY = 202 dy
D= SI,V = (\’. g _(LY_V - Eg P, where P = g—Y:
dx o% dX v dX

" - . o X X222
Fhe given equation becomes X"(—?P -1[+Y- ~7PA =0.

or XP-Y+P2=0Q gop Y = PX + p?

which is of Clairaut’s form.
lts solution is Y = X + c?

and hence ¢2 = ce“ + ¢?

Example 3. Solve (ox~y) (py +x) = 2p.

Sol. Put X=x%and Y = y2 sothat dX=2xdx and dJy-= 2ydy

G dY

dx y ax \/_ ] whereP=—dX
The given equation becomes

\/_ J_ VX

' 2P
o1 PX-Y)P+1)=2P or'PX—Y—P_'_1
2P 1. . , :
or Y =PX - = which 1s of Clairaut’s form.
P+1 ]
Its solution is Y = ¢X — 2+cl and hence y2 = cx2 — =
c

c+1°

Solve the following equations:
a

y=xp+; ' 2.y=px+\/a2p2+b2

3. sinpxcosy = cos px sin y + p 4. xp?—yp+a=0

5 (x—a)p2+(x—-y)p——y=0 6-p=10g(px—y)

7. p=sin (y - px) 8. P?(® - 1) — 2pxy +y2_ 1=
9

1

=

. e (p—1)+ pley =g 10. x2 (y — px) =
1 O + px)? = x2p,
Answers
a 0 D) D
1. y=cx+ — 2. y=cx+ \/azc‘a + b2 . y=cx—sin'ec
c
a 002
4. y=cx+ — b.y=cx— - 6.y =cx—e
c c+1 .
7. y=cx+sin!e 8. (y—cx)?=1+¢? 9. e¥ = ce¥ + ¢*

10. y*=cax®+c[Hint. Put 2% = X, y2 = Y] 11 xy = cx — ¢ [Hint. Put xy = 0]

aao
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38
Ainan, by
Solve the following differential equations (Clairaut's Eq“ﬂtlon) ‘f'-"c-,%
6. y=ap+ ' [M.D.U. 2003; K.U. 2013) 7. y-poip-y,
P =p
8B, (y-px)Pf=1ap’ 9. p=tan(px - y) K.y, ,
U, 20y
[ "8 9 5 ‘1
IO. ."‘I - I)\ 4 \‘f,(]")-‘ 94 ’)‘ 'M.I)nl’n 2()15’ lla I) = I()L{ (,)X . 'l) BIM,}
4 ty 3
12, y=x Hyen 13, (y=px)(p+1)=p?
dy
IM‘,‘

Answers

1. y=2-p?+ce "(1+p)and together with given reiation,

(asin”™' p+c) and together with given relatiop,

2. y=—ap+ : -
Vi-p

3. y:—c(x—b)+g

- 4. y=(x+c)tan§+l

-m Epz—ﬁ +m?1 “

8. y=cx+1+¢?

5. ax:%pz—mp+m210g(p+m)+cy ay =

6. y=c>z+E 7. y=(':x+L
c c-1
9. y=cx-tan”'c  10. y=cx+va’c?+b? 11. y=cx-¢

2

12.y=cx +¢€° 13. y=cx+c—
c+1

4.2 EQUATIONS REDUCIBLE TO CLAIRAUT’S FORM : 4
Some differential equations of first order and higher degree can be redu

Clairaut’s form by making suitable substitutions. e
There is no general method to find the proper substitutions. These can be

practice only.
lllustrative Examples
Example 1 : Solve e®*(p-1)+ p®e*” = 0.
Solution : The given differential equation is
e*(p-1)+p°e* =0

X=e and Y =¢’
dX=e'dx and dY=e'dy
ay _e'dy_e'dy e’

—

= = 4
dX e*dx e*dx e*

Put

s |
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A ‘z(\"j ‘l' Py =0

\-i\
\ pe
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ot PN =Y % PP = Q
\y Y= PN+ p°
which s & clatrauts equation, Theretore the solution is given by
YomeN e By replacing P by ¢l
o eY =o' 4 "

Example 2 : Solve x* (y - px) = yp®
Solution : The given differential equation is

2 ;
Xly-pQ=ypt 7 0 T (1)
Let us assume, =X and g Y
\dyx = dX and 2y dy = dY
dy xdY x dy
=g — e 32 e P | where P = —
ax ydX y dX

Putting the value of p in equation (1) , we get
{ 2
x° L y-= P..\') n yi}-a- p?
Y

Y
or 2(y? -x*P) = x*P?
or X(Y - XP) = XP* X=X and Y= \’1
or Y=PX +P
which is Clairut's equation. So its solution is given by
Y=cX+¢* [P is replaced by c)
or Y=o+ ¢?

Exercise — 2.5
Solve the following differential equations by reducing them to Clairaut's form

L (px-ylx+py=a’p
« (y+px)? =,\-2p

2
. (¥ +y)(1+ p? - 2(x +Y)L+ PIx + yp)+(x + yp)* =0
4

+ Reduce the equation y* (y - xp) = X' p* to Clairaut's equation by using the substitution

g
N 3{— y =—$; and hence solve the equation.
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- x — o2
5. Solve e*(p-1)+e?p* =0 by using the substitution X = ey =€

6. Solve (px* +y®)(px +y) = (p +1)? by using the substitution X = X + ¥, ¥ =X ,
[M.D.U. 2013, 14] |

7. Solve the differential equation e3¥( p-1+ p3ezy =0

, Answers

1. y?=cx2-2°€ ‘ ‘

Y c+1 |

2. xy=cx-c? [Hint : Putx=X,xy=Y] |
c

3. X2+y2=c(x+y)—z

1
6. xy=c(x+y)—;

2 }
[Hint: Putx +y =X, x> + y* =Y] ‘t

5‘ ezy = cer +C2 !

I

¥

4. x=cy + *xy

7. eY=ce*+c?

Naf Qindgular Salutinn : A sinsular solution is a solution of the differential eauation |



